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a b s t r a c t
Let H = (V , E) be a hypergraph with vertex set V and edge set E. A dominating set in H is
a subset of vertices D ⊆ V such that for every vertex v ∈ V \ D there exists an edge e ∈ E
for which v ∈ e and e ∩ D ≠ ∅. The domination number γ (H) is the minimum cardinality
of a dominating set in H . It is known that if H is a hypergraph of order nwith edge sizes at
least three and with no isolated vertex, then γ (H) ≤ n/3. In this paper, we characterize
the hypergraphs achieving equality in this bound.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In this paper we continue the study of domination in hypergraphs. Hypergraphs are systems of sets which are conceived
as natural extensions of graphs. A hypergraph H = (V , E) is a finite set V = V (H) of elements, called vertices, together with a
finitemultiset E = E(H) of subsets of V , called hyperedges or simply edges. We shall use the notation nH = |V | andmH = |E|,
and sometimes simply n andmwithout subscript if the actual H need not be emphasized, to denote the order and size of H ,
respectively. In the problems studied here, one may assume that |e| ≥ 2 holds for all e ∈ E, and it will also be possible to
avoid multiple edges without loss of generality.
A k-edge in H is an edge of size k. The hypergraph H is said to be k-uniform if every edge of H is a k-edge. Every (simple)
graph is a 2-uniform hypergraph. Thus graphs are special hypergraphs. The hypergraph H is simple if no two edges contain
exactly the same vertex set. The degree of a vertex v in H , denoted by dH(v) or simply by d(v) if H is clear from the context,
is the number of edges of H which contain v. The minimum degree among the vertices of H is denoted by δ(H). Two edges
inH are said to be overlapping if they intersect in at least two vertices. We define a hypergraphH to be edge-minimal if every
edge of H contains at least one vertex of degree 1 in H . If H ′ is a hypergraph such that V (H ′) ⊆ V (H) and E(H ′) ⊆ E(H),
then H ′ is called a subhypergraph of H and we write H ′ ⊂ H . Possibly, H ′ = H . Further if V (H ′) = V (H), then H ′ is called a
spanning subhypergraph of H .
Two vertices x and y of H are adjacent if there is an edge e of H such that {x, y} ⊆ e. Further, x and y are connected if
there is a sequence x = v0, v1, v2 . . . , vk = y of vertices of H in which vi−1 is adjacent to vi for i = 1, 2, . . . , k. A connected
hypergraph is a hypergraph in which every pair of vertices are connected. A maximal connected subhypergraph of H is a
connected component or simply a component of H . Thus, no edge in H contains vertices from different components.
If H denotes a hypergraph and X denotes a subset of vertices in H , then H − X will denote that hypergraph obtained
by removing the vertices X from H and removing all hyperedges that intersect X . We remark that in the literature this is
sometimes denoted by strongly deleting the vertices in X .
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If H = (V , E) denotes a hypergraph and E ′ ⊆ E, then by the hypergraph induced (or formed) by the edges in E ′ we
mean the hypergraph with edge set E ′ and with vertex set consisting of all vertices that belong to some edge in E ′. The
hypergraphH−E ′ denotes the hypergraphwith vertex set V and edge set E \E ′ that is obtained fromH by deleting all edges
in E ′.
A subset T of vertices in a hypergraph H is a transversal (also called vertex cover or hitting set in many papers) if T has a
nonempty intersection with every edge of H . The transversal number τ(H) of H is the minimum size of a transversal in H .
A dominating set in a hypergraph H = (V , E) is a subset of vertices D ⊆ V such that for every vertex v ∈ V \ D there
exists an edge e ∈ E for which v ∈ e and e ∩ D ≠ ∅. Equivalently, every vertex v ∈ V \ D is adjacent with a vertex in D. The
domination number γ (H) is the minimum cardinality of a dominating set in H . A dominating set of H of cardinality γ (H) is
called a γ (H)-set.
If H = (V , E) is a hypergraph and X, Y ⊆ V , then we say that Y dominates X if every vertex in X is in Y or is adjacent
to some vertex of Y . If X is a nonempty subset of vertices in H , then we define an X-dominating set in H as a set Y that
dominates X and we define the X-domination number, denoted γ (X;H) as the minimum cardinality of an X-dominating set
in H . In particular, we note that γ (H) = γ (V ;H).
Domination in graphs is still a very active area inside graph theory; see, for example, the recent papers [7,10,12,15].
Domination in hypergraphs, however, was introduced recently by Acharya [1] and studied further, for example, in [2–4,11].
1.1. Known results on transversal and domination in hypergraphs
Transversals in hypergraphs arewell studied in the literature.We shall need the following upper bound on the transversal
number of a hypergraph in terms of its order and size.
Theorem 1 (Erdős and Tuza [6]). If H is a connected hypergraph on n vertices and m edges with all edges of size at least two,
then τ(H) ≤ 2(n+m+ 1)/7.
Chvátal andMcDiarmid [5] and Tuza [14] independently established that ifH is a 3-uniform hypergraph on n vertices and
m edges, then 4τ(H) ≤ n + m. We remark that a short proof of this result can be found in [13]. The extremal hypergraphs
that achieve equality in this bound were characterized in [9].
As a special case of a result due to Bujtás et al. [4], we have the following upper bound on the domination number of a
3-uniform hypergraph in terms of its order. We remark that this result can also be deduced from a result in [8] which states
that if every edge in a graph Gwith no isolated vertex and of order n is contained in a triangle, then γ (G) ≤ n/3.
Theorem 2 ([4,8]). If H is a hypergraph of order n with all edges of size at least three and with no isolated vertex, then
γ (H) ≤ n/3.
Our aim in this paper is to characterize the hypergraphs achieving equality in the upper bound of Theorem 2.
1.2. The familiesH andH3
Let H1,H2, . . . ,H15 be the fifteen hypergraphs shown in Fig. 1. Let Hunder be a hypergraph every component of which is
isomorphic to a hypergraph Hi for some i, 1 ≤ i ≤ 15. Each component of Hunder we call a unit of Hunder. In each unit we
2-color the vertices with the colors black and white as indicated in Fig. 1 and we call the white vertices the link vertices of
the unit and the black vertices the non-link vertices.
Let H be a hypergraph obtained from Hunder by adding edges of size at least three, called link edges, in such a way that
every added edge contains vertices from at least two units and contains only link vertices. Possibly, H is disconnected or
H = Hi for some i, 1 ≤ i ≤ 15. We call the hypergraph Hunder an underlying hypergraph of H and we letU(Hunder) denote the
set of all units in Hunder. LetH denote the family of all such hypergraphs H and letH3 denote the subfamily ofH consisting
of all 3-uniform hypergraphs inH .
2. Main result
In this paper, we characterize the hypergraphs with no isolated vertex and with all edges of size at least three whose
domination number is one-third their order. We shall prove the following result.
Theorem 3. Let H be a hypergraph of order n with all edges of size at least three and with δ(H) ≥ 1. Then, γ (H) ≤ n/3 with
equality if and only if H ∈ H .
2.1. Preliminary observations and lemmas
Since every transversal in a hypergraph with no isolated vertex is a dominating set in the hypergraph, we have the
following observation.
Observation 4. If H is a hypergraph with δ(H) ≥ 1, then γ (H) ≤ τ(H).
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Fig. 1. The hypergraphs H1,H2, . . . ,H15 .
We shall need the following property of units that belong to an underlying hypergraph of a hypergraph in the familyH .
Observation 5. Let H ∈ H and let Hunder be an underlying hypergraph of H . Let F be a unit in Hunder of order nF and let
X ⊆ V (F). Then the following holds.
(a) γ (F) = nF /3.
(b) Every vertex in F belongs to some γ (F)-set.
(c) If X contains the non-link vertices of F , then γ (X; F) = γ (F).
(d) If F ∉ {H1,H14} and some non-link vertex of F is not in X , then γ (X; F) < γ (F).
(e) If F ≠ H1 and u and v are link vertices in F , then {u, v} is a γ (F)-set.
Lemma 6. If H ∈ H has order nH , then γ (H) = nH /3.
Proof. Let Hunder be an underlying hypergraph of H . As we need at most one-third of the vertices of H to dominate each unit
ofHunder inH , by Observation 5(a), we note that γ (H) ≤ nH /3. Furthermore if there is a dominating set,D, ofH with less than
nH /3 vertices, then some unit of Hunder has less than one-third of its vertices in D, a contradiction to Observation 5(c). 
Recall that a hypergraph is edge-minimal if every edge of the hypergraph contains at least one vertex of degree 1.
Lemma 7. Let H be a connected edge-minimal 3-uniform hypergraph. Then, γ (H) = nH /3 if and only if H ∈ {H1,H2}.
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Proof. The sufficiency follows from Observation 5(a). To prove the necessity, suppose that γ (H) = nH /3. By the edge
minimality of H , every edge of H contains a vertex of degree 1. Hence every dominating set of H is also a transversal in H ,
and so τ(H) ≤ γ (H). Consequently by Observation 4, τ(H) = γ (H). Let G be the 2-uniform hypergraph obtained from
H by deleting exactly one vertex of degree 1 from each edge of H . Since H is connected, so too is G. We note that G is a
multigraph and that Gmay have multiple edges. Let nG andmG denote the order and size, respectively of G. By construction,
nG = nH −mH andmG = mH . The transversal number ofH and G remains unchanged, and so τ(H) = τ(G). By Theorem 1(b),
τ(G) ≤ 2(nG +mG + 1)/7 and hence
1
3
nH = γ (H) = τ(H) = τ(G) ≤
2
7
(nG +mG + 1) =
2
7
(nH + 1).
Therefore, nH ≤ 6. Since γ (H) = nH /3 is an integer, we have that nH ∈ {3, 6}. If nH = 3, then H = H1. Hence we may
assume that nH = 6. Let V (H) = {v1, v2, v3, v4, v5, v6}. Since H is edge-minimal and connected,mH ∈ {3, 4}.
SupposemH = 4. Let E(H) = {e1, e2, e3, e4}. Renaming vertices if necessary, wemay assume that vi is a vertex of degree 1
in H that belongs to ei for i ∈ {1, 2, 3, 4}. Since vi and vj are not adjacent for 1 ≤ i < j ≤ 4, we have that ei = {vi, v5, v6} for
all i ∈ {1, 2, 3, 4}. But then v5 is adjacent to every other vertex in H , and so γ (H) = 1 < nH /3, a contradiction. Therefore,
mH = 3.
Let E(H) = {e1, e2, e3}. Renaming vertices if necessary, we may assume that vi is a vertex of degree 1 in H that belongs
to ei for i ∈ {1, 2, 3}. Suppose that H contains two overlapping edges. Renaming vertices and edges if necessary, we may
assume that e1 and e2 are overlapping edges, and that {v4, v5} ⊂ V (e1)∩ V (e2). Since the edge e3 contains at least one of v4
and v5, we deduce that v4 or v5 dominates V (H), and so γ (H) = 1 < nH /3, a contradiction. Therefore, H has no overlapping
edges, implying that H = H2. 
Our key lemma is the following result which contains the core of our argument.
Lemma 8. Let H be a 3-uniform hypergraph of order n with δ(H) ≥ 1. Then, γ (H) ≤ n/3 with equality if and only if H ∈ H3.
Proof. Let H be a 3-uniform hypergraph of order n with δ(H) ≥ 1. By Theorem 2, γ (H) ≤ n/3. If H ∈ H3 ⊂ H , then, by
Lemma 6, γ (H) = n/3. This establishes the sufficiency. To prove the necessity, suppose that γ (H) = n/3. We show that
H ∈ H3.
LetH ′ be a hypergraph obtained fromH by successively deleting edges ofH that do not contain any vertices of degree 1 in
the resulting hypergraph at each stage. We note that H ′ is a 3-uniform hypergraph with V (H ′) = V (H) and E(H ′) ⊆ E(H).
In particular, n′ = n vertices. When H is transformed to H ′, isolated vertices cannot arise and the domination number
cannot decrease. Moreover, every edge of H ′ contains at least one degree 1 vertex and hence H ′ is an edge-minimal
3-uniform hypergraph. Therefore, γ (H ′) ≥ γ (H) = n/3. By Theorem 2, γ (H ′) ≤ n′/3 = n/3. Consequently, γ (H ′) = n/3.
Applying Lemma 7 to the hypergraph H ′, every component of H ′ is an H1-component or an H2-component. Among all such
hypergraphs H ′ of H , we choose H ′ so that the number of H1-components in H ′ is minimized.
We shall adopt the following notation. Let F be an H2-component F of H ′. If v is a vertex of degree 1 in F , then we call the
vertex of degree 2 in F that is not adjacent with v its partner. We call a vertex of degree 1 in F and its partner a special pair in
F . Further if w is a vertex in a special pair, then we denote its partner by w′. We observe that F contains three special pairs
and every vertex of F belongs to exactly one special pair. We proceed further with a series of claims.
Claim A. The two vertices in every special pair in H ′ are not adjacent in H.
Proof of Claim A. Let {v, v′} be a special pair of vertices inH ′ and let F be the component ofH ′ that contains v and v′. Assume
that v and v′ are adjacent inH . Then, v dominatesV (F) inH .Wenote that γ (H ′−V (F)) = γ (H ′)−γ (F) = γ (H ′)−2 = n/3−
2. Let S ′ be a γ (H ′−V (F))-set. Then, S ′∪{v} is a dominating set in H of cardinality |S ′|+1 = (n/3−2)+1 < n/3 = γ (H),
a contradiction. Hence, v and v′ are not adjacent in H . 
Let E ′ be the set of all edges e ∈ E(H) \ E(H ′) such that V (e) ⊆ V (F) for some component F of H ′. Recall that by
assumption, we avoid multiple edges without loss of generality. Hence, E ′ consists of edges in H that do not belong to H ′ but
are contained within the vertex set of some H2-component of H ′. Let H ′′ denote the hypergraph obtained from H ′ by adding
to it the edges in the set E ′.
Claim B. Every component of H ′′ is an Hi-component for some i with 1 ≤ i ≤ 13, and γ (H ′′) = n/3.
Proof of Claim B. Every H1-component of H ′ remains an H1-component in H ′′. By Claim A, no edge in E ′ contains a special
pair of vertices in H ′. With this restriction, it is a simple exercise to verify that adding all allowable edges from E ′ to an
H2-component of H ′ produces an Hi-component for some i with 2 ≤ i ≤ 13. By Observation 5(a), every component of H ′′
therefore has domination number one-third its order, and hence γ (H ′′) = n/3. 
Every component ofH ′′ that is not anH1-componentwe call a type-2 component ofH ′′. By ClaimBevery type-2 component
of H ′′ is an Hi-component for some iwith 2 ≤ i ≤ 13. Let V1 be the union of the vertex sets of all H1-components in H ′′ and
let V2 be the union of the vertex sets of all type-2 components in H ′′. Thus, (V1, V2) is a weak partition of V (H ′′), where by a
weak partition we mean a partition in which some of the sets may be empty.
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Let C2 be a 2-coloring of V2 defined as follows. For each component F of H ′′ that is not an H1-component, we 2-color the
vertices in V (F) black and white as colored in Fig. 1. In this 2-coloring C2, we note that if v is a vertex colored black in F ,
then its partner v′ in H ′ dominates V (F) in H ′′. Let E ′′ = E(H) \ E(H ′′). Thus every edge in E ′′ contains vertices from at least
two components in H ′′.
Claim C. If F is a component of H ′′ that is not an H1-component, then no edge in E ′′ contains a vertex colored black in F .
Proof of Claim C. Let v be a vertex colored black in F and assume that there exists an edge e ∈ E ′′ that contains v. By
definition of the set E ′′, there exists a vertex u ∉ V (F). Let Fu be the component of H ′′ that contains u. By Observation 5(b),
there exists a γ (Fu)-set Su that contains u. We note that γ (H ′′) = γ (F ′), where the sum is taken over all components F ′
of H ′′, and that γ (H ′′ − V (F)) = γ (H ′′)− γ (F) = γ (F∗), where the sum is taken over all components F∗ of H ′′ different
from F . Let S ′′ be a γ (H ′′−V (F))-set that contains Su and let S = S ′′∪{v′}, where as before v′ denotes the partner of v. Since
γ (F) = 2, we have that γ (H ′′ − V (F)) = γ (H ′′)− 2, and so |S| = |S ′′| + 1 = γ (H ′′ − V (F))+ 1 = γ (H ′′)− 1 = γ (H)− 1.
We note that v′ dominates V (F) \ {v} in H , the set Su dominates V (Fu)∪ {v} in H , and the set S ′′ \ Su dominates the vertices
in all components of H ′′ different from F and Fu. Therefore the set S is a dominating set of H , a contradiction. Therefore no
such edge e exists. 
Claim D. Suppose that F is an H1-component in H ′′ that contains no vertex of degree 1 in H. Let e be the edge of F and suppose
that H contains an edge f ∈ E ′′ that overlaps e. Let u ∈ V (f ) \ V (e) and let Fu denote the component in H ′′ that contains u. Then
the following holds.
(a) Fu is an H1-component of H ′′.
(b) F ⊂ F∗, where F∗ is an H14-subhypergraph in H and V (F∗) = V (F) ∪ V (Fu).
Proof of Claim D. Let V (F) = {v1, v2, v3}, and so e = {v1, v2, v3}. Renaming vertices, if necessary, we may assume that
V (e) ∩ V (f ) = {v1, v2}, and so f = {u, v1, v2}. Since v3 has degree at least 2 in H , there is an edge e1 ∈ E ′′ that contains
v3. Suppose u ∈ V (e1). By Observation 5(b), there exists a γ (Fu)-set that contains u. Such a γ (Fu)-set can be extended to
a γ (H ′′ − V (F))-set, S ′ say, by adding to it a minimum dominating set from every component of H ′′ different from F and
Fu. Since γ (F) = 1, we have that γ (H ′′ − V (F)) = γ (H ′′) − 1. Since the vertex u ∈ S ′ dominates V (F) in H , the set S ′ is a
dominating set of H , and so γ (H) ≤ |S ′| = γ (H ′′)− 1 = γ (H)− 1, a contradiction. Hence, u ∉ V (e1).
Let w ∈ V (e1) \ V (e) and let Fw denote the component in H ′′ that contains w. As shown above, u ≠ w. If Fu ≠ Fw , then
by Observation 5(b), there exists a γ (Fu)-set that contains u and a γ (Fw)-set that contains w. The union of these two sets
can be extended to a γ (H ′′ − V (F))-set, S ′ say, of cardinality γ (H ′′ − V (F)) = γ (H ′′) − 1. Since {u, w} ⊆ S ′ dominates
V (F), the set S ′ is a dominating set of H , a contradiction. Hence, Fu = Fw . Suppose that Fu is not an H1-component of H ′′. By
Claim C, both u and w are colored white in our 2-coloring C2. Hence both u and w are link vertices in the unit Fu, and so by
Observation 5(e), there exists a γ (Fu)-set that contains both u andw. Such a set can be extended to a γ (H ′′− V (F))-set that
is also a dominating set of H , a contradiction. Hence, Fu is an H1-component of H ′′. This establishes part (a).
Let eu = {u, w, x} be the edge in Fu. If e and e1 are overlapping edges, then the three edges e1, f and eu form an H2-
subhypergraph, F ′′ say, in H . Replacing the two H1-components F and Fu in H ′ with F ′′, and leaving all other components
of H ′ unchanged, produces a new edge-minimal spanning subhypergraph of H , every component of which is an H1-
component or an H2-component, but which contains fewer H1-components than H ′ does, contradicting our choice of H ′.
Hence, V (e)∩V (e1) = {v3}. Let e1 = {v3, w,w′}, and sow′ ∈ V (e1) \V (e). An identical argument as shownwith the vertex
w, shows thatw′ ≠ u and the component containingw′ is Fu, implying thatw′ = x. Thus the four edges e, e1, eu and f form
an H14-subhypergraph F∗ in H , where V (F∗) = V (F) ∪ V (Fu). 
Claim E. Suppose that F is an H1-component in H ′′ that contains no vertex of degree 1 in H. If there is an edge in E ′′ that contains
vertices from exactly two components of H ′′, one of which is the component F and the other a component named F1, then the
following holds.
(a) F1 is an H1-component of H ′′.
(b) F ⊂ F∗, where F∗ is an H14-subhypergraph in H and V (F∗) = V (F) ∪ V (F1).
Proof of Claim E. Let V (F) = {v1, v2, v3} and let e = {v1, v2, v3} be the edge of F . If there is an edge in E ′′ that overlaps
the edge e, then the desired result follows from Claim D. Hence we may assume that no edge in E ′′ overlaps the edge e. For
i ∈ {1, 2, 3}, the vertex vi has degree at least 2 inH , implying that there is an edge ei ∈ E ′′ that contains vi and no other vertex
from V (e). By assumption, there is an edge in E ′′ that contains vertices from exactly two components of H ′′, one of which is
the component F and the other a component named F1. Renaming edges if necessary, wemay assume that e1 is such an edge
in E ′′. Let V (e1)\V (e) = {u1, u2}, and so F1 is the component in H ′′ that contains u1 and u2. By Observation 5(b), there exists
a γ (F1)-set, S1 say, that contains u1. Let V (e2) \ V (e) = {x1, x2} and let V (e3) \ V (e) = {y1, y2}. Let X = {x1, x2} ∪ {y1, y2}
(possibly, {x1, x2} ∩ {y1, y2} ≠ ∅). We proceed further with the following claim.
Claim E.1. X ∩ V (F1) ≠ ∅.
Proof of Claim E.1. Suppose that X ∩ V (F1) = ∅. If X ⊆ V (F ′) where F ′ is an H1-component of H ′′, then there is a vertex
v′ ∈ V (F ′) that is common to both e2 and e3, and so v′ dominates {v2, v3} in H . But then the set S1 ∪ {v′} can be extended to
a dominating set S of H by adding to it a minimum dominating set from each component of H ′′ different from F , F1 and F ′.
Hence, γ (H) ≤ |S| = γ (H ′′)− 1 = γ (H)− 1, a contradiction.
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If X ⊆ V (F ′) where F ′ is a type-2 component of H ′′, then by Claim C, the vertices of X are all colored white in F ′.
Renaming y1 and y2 if necessary, we may assume that x1 ≠ y1. Both x1 and y1 are link vertices in the unit F ′, and so by
Observation 5(e), there exists a γ (F ′)-set S ′ that contains both x1 and y1. But then the set S1 ∪ S ′ can be extended to a
dominating set S of H by adding to it a minimum dominating set from each component of H ′′ different from F , F1 and F ′.
Hence, γ (H) ≤ |S| = γ (H ′′)− 1 = γ (H)− 1, a contradiction.
Therefore renaming vertices in X , if necessary, we may assume that x1 and y1 belong to different components in H ′′.
Let F2 and F3 be the components in H ′′ that contains x1 and y1, respectively. By Observation 5(b), there exists a γ (F2)-set,
S2 say, that contains x1 and a γ (F3)-set, S3 say, that contains y1. The set S1 ∪ S2 ∪ S3 can be extended to a dominating
set S of H by adding to it a minimum dominating set from each component of H ′′ different from F , F1, F2 and F3. Hence,
γ (H) ≤ |S| = γ (H ′′)− 1 = γ (H)− 1, a contradiction. This completes the proof of Claim E.1. 
By Claim E.1, X ∩V (F1) ≠ ∅. Renaming vertices in X , if necessary, wemay assume that x1 ∈ V (F1). Possibly, x1 ∈ {u1, u2}.
Suppose that F1 is a type-2 component of H ′′. By Claim C, the vertices u1, u2 and x1 are all colored white in F1. Suppose
y1 ∈ V (F1). Then, y1 is also colored white in F1. We may assume, renaming u1 and u2 if necessary, that if y1 = x1, then
u1 ≠ x1 and we let S1 = {u1, x1}. Since a type-2 component of H ′′ has at most three vertices colored white, we have that if
x1 ≠ y1, then {u1, u2}∩{x1, y1} ≠ ∅ andwe let S1 = {x1, y1}. In both cases, the set S1 is a γ (F1)-set, by Observation 5(e), and
can be extended to a dominating set S of H by adding to it a minimum dominating set from each component of H ′′ different
from F and F1. Hence, γ (H) ≤ |S| = γ (H ′′)− 1 = γ (H)− 1, a contradiction. Hence, y1 ∉ V (F1). Let F2 be the component in
H ′′ that contains y1. By Observation 5(b), there exists a γ (F2)-set, S2 say, that contains y1. Renaming u1 and u2 if necessary,
we may assume, that u1 ≠ x1 and we let S1 = {u1, x1}. By Observation 5(e), the set S1 is a γ (F1)-set. The set S1 ∪ S2 can be
extended to a dominating set S of H by adding to it a minimum dominating set from each component of H ′′ different from
F , F1, and F2. Hence, γ (H) ≤ |S| = γ (H ′′) − 1 = γ (H) − 1, a contradiction. Therefore, F1 is an H1-component of H ′′. This
proves part (a).
Let e4 be the edge of F1 and let u3 ∈ V (e4) \ V (e1). Thus, e4 = {u1, u2, u3}. Assume that dH(u3) = 1. Therefore since
x1 ∈ V (F1), we have that x1 = u1 or x1 = u2. Renaming u1 and u2 if necessary, we may assume that x1 = u1. In particular,
we note that u1 dominates {v1, v2} in H .
If u1 is adjacent to v3 in H , then the set {u1} can be extended to a dominating set S of H by adding to it a minimum
dominating set from each component of H ′′ different from F and F1. Hence, γ (H) ≤ |S| = γ (H ′′) − 1 = γ (H) − 1, a
contradiction. Thus, u1 and v3 are not adjacent in H . In particular, u1 ∉ V (e3). Since u3 has degree 1 in H , we note that
u3 ∉ V (e3). Possibly, u2 ∈ V (e3). Hence at least one of y1 and y2 does not belong to V (F1). Renaming y1 and y2 if necessary,
wemay assume that y2 ∉ V (F1). Let F2 be the component inH ′′ that contains y2. By Observation 5(b), there exists a γ (F2)-set,
S2 say, that contains y2. The set S2 ∪ {u1} can be extended to a dominating set S of H by adding to it a minimum dominating
set from each component of H ′′ different from F , F1, and F2. Hence, γ (H) ≤ |S| = γ (H ′′)− 1 = γ (H)− 1, a contradiction.
Therefore, dH(u3) ≥ 2, and the desired result follows from Claim D (where the edges e and f in the statement of Claim D
correspond here to the edges e4 and e1, respectively). This completes the proof of Claim E. 
Claim F. If F is an H1-component in H ′′ that contains no vertex of degree 1 in H, then F ⊂ F∗, where F∗ is an H14-subhypergraph
in H such that F∗ − V (F1) is an H1-component of H ′′ or F∗ is an H15-subhypergraph in H such that F∗ − V (F1) consists of two
H1-components of H ′′.
Proof of Claim F. We may assume that every edge in E ′′ that intersects V (F) contains vertices from three distinct
components in H ′′, for otherwise by Claim E, F ⊂ F∗, where F∗ is an H14-subhypergraph in H such that F∗ − V (F1) is
an H1-component of H ′′, and we are done. Let V (F) = {v1, v2, v3} and let e = {v1, v2, v3} be the edge of F . For i ∈ {1, 2, 3},
let ei ∈ E ′′ be an edge that contains vi, and let ei = {vi, xi, yi}. Further, let Fx and Fy be the components in H ′′ containing x1
and y1, respectively. By assumption, Fx ≠ Fy.
Let X = {x2, y2} ∪ {x3, y3}. If X ∩ (V (Fx) ∪ V (Fy)) = ∅, then renaming vertices if necessary, we may assume that x2
and x3 belong to different components in H ′′. Let F2 and F3 be the components of H ′′ containing x2 and x3, respectively. By
Observation 5, there exists a minimum dominating set S ′ of Fx ∪ F2 ∪ F3 that contains the vertices x1, x2 and x3. The set S ′
can be extended to a dominating set S of H by adding to it a minimum dominating set from each component of H ′′ different
from F , Fx, F2 and F3. Hence, γ (H) ≤ |S| = γ (H ′′)− 1 = γ (H)− 1, a contradiction. Hence at least one vertex in X belongs
to Fx or Fy.
Suppose that X ⊈ V (Fx) ∪ V (Fy). Renaming vertices if necessary, we may assume that x2 ∈ V (Fx) ∪ V (Fy) and that
x3 ∉ V (Fx)∪V (Fy). Further wemay assume that x2 ∈ V (Fx). Let F3 be the components of H ′′ containing x3. By Observation 5,
there exists a γ (Fx)-set Sx of Fx containing x2, a γ (Fy)-set Sy of Fy containing y1, and a γ (F3)-set S3 of F3 containing x3. The
set Sx ∪ Sy ∪ S3 dominates V (F) and can be extended to a dominating set S of H by adding to it a minimum dominating set
from each component of H ′′ different from F , Fx, Fy and F3. Hence, γ (H) ≤ |S| = γ (H ′′) − 1 = γ (H) − 1, a contradiction.
Thus, X ⊆ V (Fx) ∪ V (Fy). Renaming vertices if necessary, we may assume that x2, x3 ∈ V (Fx) and that y2, y3 ∈ V (Fy).
Suppose |X ∪ {x1, y1}| ≤ 5. Renaming vertices if necessary, we may assume that y2 = y3. By Observation 5, there exists
a γ (Fx)-set Sx containing x1 and a γ (Fy)-set Sy containing y2. Thus, the set Sx ∪ Sy dominates V (F) and can be extended to
a dominating set S of H by adding to it a minimum dominating set from each component of H ′′ different from F , Fx and Fy.
Hence, γ (H) ≤ |S| = γ (H ′′)−1 = γ (H)−1, a contradiction. Hence, |X ∪{x1, y1}| = 6. Thus, x1, x2 and x3 are three distinct
vertices in Fx and y1, y2 and y3 are three distinct vertices in Fy.
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Suppose that Fx is a type-2 component in H ′′. By Observation 5, there exists a γ (Fx)-set Sx containing x1 and x2 and there
exists a γ (Fy)-set Sy containing y3. Thus, the set Sx ∪ Sy dominates V (F) and can be extended to a dominating set S of H of
cardinality γ (H)−1, a contradiction. Hence, Fx is anH1-component inH ′′. Analogously, Fy is anH1-component inH ′′. Hence,
V (Fx) = {x1, x2, x3} and V (Fy) = {y1, y2, y3}. Let ex = {x1, x2, x3} and ey = {y1, y2, y3} be the edges in Fx and Fy, respectively.
Then the six edges e, e1, e2, e3, ex and ey form an H15-component in H . 
Claim G. Let F1 be an H1-component in H ′′ that contains no vertex of degree 1 in H and let F1 ⊂ F , where F is an H14-
subhypergraph in H. Let V (F1) = {v1, v2, v3} and let e1 = {v1, v2, v3} be the edge of F1. Let V (F) = V (F1) ∪ {v4, v5, v6}
and let E(F) = {e1, e2, e3, e4} where e2 = {v4, v5, v6}, e3 = {v1, v4, v5} and e4 = {v2, v3, v6}. Then, the following holds.
(a) The vertices in {v4, v5, v6} form an H1-component in H ′′.
(b) If e ∈ E(H) and V (e) ⊆ V (F), then e ∈ E(F).
(c) Every vertex in V (F) has degree 2 in H, except possibly for one vertex in {v2, v3} and one vertex in {v4, v5}.
Proof of Claim G. Let F2 denote the component of H ′′ that contains the vertex v6. Since e4 ∈ E ′′ is an edge that overlaps the
edge e1 of F1, by ClaimDwe note that F2 is anH1-component inH ′′ and that f = (V (F2)\{v6})∪{v1} is an edge in E ′′. Suppose
that e3 ≠ f . Renaming v4 and v5, if necessary, we may assume that v4 ∉ V (F2). Let F ′ be the component in H ′′ that contains
v4. By Observation 5, there exists a γ (F ′)-set, S ′ say, that contains v4. The set S ′ ∪ {v6} dominates V (F1) ∪ V (F2) ∪ V (F ′)
and can be extended to a dominating set S of H by adding to it a minimum dominating set from each component of H ′′
different from F1, F2 and F ′. Hence, γ (H) ≤ |S| = γ (H ′′) − 1 = γ (H) − 1, a contradiction. Hence, e3 = f , implying that
V (F2) = {v4, v5, v6}, F2 is an H1-component of H , and e2 is the edge of F2. This proves part (a).
Suppose e ∈ E(H) and V (e) ⊆ V (F), and assume that e ∉ E(F). If e contains both v1 and v6, then v1 dominates V (F). The
vertex v1 can then be extended to a dominating set of H of cardinality γ (H)− 1 by adding to it a minimum dominating set
from each component of H ′′ different from F1 and F2, a contradiction. Hence, e contains at most one of v1 and v6. Suppose
that e ⊂ {v2, v3, v4, v5}. By symmetry, we may assume that e = {v2, v3, v4}. The vertex v4 can then be extended to a
dominating set of H of cardinality γ (H)−1 by adding to it a minimum dominating set from each component of H ′′ different
from F1 and F2, a contradiction. Hence, e contains at most two vertices from {v2, v3, v4, v5}. By symmetry, wemay therefore
assume that e = {v1, v2, v4}. But then the three edges e, e2 and e4 form anH2-subhypergraph, F ′′ say, inH . Replacing the two
H1-components F1 and F2 in H ′ with F ′′, and leaving all other components of H ′ unchanged, produces a new edge-minimal
spanning subhypergraph of H , every component of which is an H1-component or an H2-component, but which contains
fewer H1-components than H ′ does, contradicting our choice of H ′. Therefore if e ∈ E(H) and V (e) ⊆ V (F), then e ∈ E(F).
This proves part (b).
Suppose that dH(v1) ≥ 3. Then, v1 is contained in an edge e′ of H different from e1 and e3. By part (b), e′ contains a vertex
v′ ∉ V (F). Let F ′ be the component in H ′ that contains v′. By Observation 5, there exists a γ (F ′)-set, S ′ say, that contains v′.
The set S ′ ∪ {v6} can be extended to a dominating set of H of cardinality γ (H) − 1 by adding to it a minimum dominating
set from each component of H ′′ different from F1, F2 and F ′, a contradiction. Hence, dH(v1) = 2. Analogously, dH(v6) = 2.
Suppose that dH(v2) ≥ 3 and dH(v3) ≥ 3. For i ∈ {2, 3}, let fi be an edge of H that contains vi and is different from e1 and
e4. By part (b), the edges f2 and f3 contain vertices u2 and u3, respectively, not in V (F). For i ∈ {2, 3}, let F ′i be the component
of H ′′ that contains ui. By Observation 5, there exists a γ (F ′i )-set, S
′
i say, that contains ui.
As shown earlier, dH(v1) = 2 and dH(v6) = 2, implying that v1 ∉ V (f2) and v6 ∉ V (f2). If u2 = u3, let S = S ′2 ∪ {v4}.
If v3 ∈ V (f2), let S = S ′2 ∪ {v4}. If v4 ∈ V (f2), let S = S ′3 ∪ {v4}. If v5 ∈ V (f2), let S = S ′3 ∪ {v5}. In all cases, the set S can
be extended to a dominating set of H of cardinality γ (H)− 1, a contradiction. Hence, u2 ≠ u3 and the vertex v2 is the only
vertex in V (F) contained in the edge f2. Therefore, V (f2) ∩ V (f3) = ∅. Analogously, v3 is the only vertex in V (F) contained
in the edge f3. For i = 2, 3, let V (F ′i ) = {ui, vi, wi}.
Let X = {u2, u3, w2, w3}. Then, X ∩ V (F) = ∅. If the vertices in X are contained in a single component of H ′′, then
since |X | = 4, such a component cannot be an H1-component. However since every type-2 component in H ′′ has at most
three white vertices, such a component cannot be a type-2 component, a contradiction. Therefore the vertices in X are not
contained in a single component ofH ′′, and so F ′2 and F
′
3 are different components ofH
′′. But then the set S ′2∪S ′3∪{v4} can be
extended to a dominating set of H of cardinality γ (H)− 1 by adding to it a minimum dominating set from each component
of H ′′ different from F1, F2, F ′2 and F
′
3, a contradiction. Therefore, dH(v2) = 2 or dH(v3) = 2. Analogously, dH(v4) = 2 or
dH(v5) = 2. This proves part (c). 
Claim H. Let F1 be an H1-component in H ′′ that contains no vertex of degree 1 in H and let F1 ⊂ F , where F is an H15-
subhypergraph in H. Then, F is a component of H.
Proof of Claim H. Let V (F1) = {v1, v2, v3} and let e1 = {v1, v2, v3} be the edge of F1. By Claim F applied to the H1-
component F1 inH ′′, we have that F1 ⊂ F∗, where F∗ is anH14-subhypergraph inH such that F∗−V (F1) is anH1-component
of H ′′ or F∗ is an H15-subhypergraph in H such that F∗ − V (F1) consists of two H1-components of H ′′.
Suppose that F∗ is an H14-subhypergraph in H . Let V (F∗) = V (F1)∪{v4, v5, v6}. Renaming vertices in F1, if necessary, we
may assume that E(F∗) = {e1, e2, e3, e4} where e2 = {v4, v5, v6}, e3 = {v1, v4, v5} and e4 = {v2, v3, v6}. By Claim G,
dH(v1) = 2 and at least one vertex in {v2, v3} has degree 2 in H . Renaming v2 and v3, if necessary, we may assume
that dH(v2) = 2. We note that the two edges that contain v2 in H , namely the edges e1 and e4, are overlapping edges.
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However since F1 ⊂ F and F = H15, we note that every vertex in V (F) is incident with two non-overlapping edges in F , and
therefore in H , a contradiction. Hence, F∗ is an H15-subhypergraph in H .
By Claim F, F∗ − V (F1) consists of two H1-components of H ′′, say F2 and F3. Let e2 = {v4, v5, v6} and e3 = {v7, v8, v9}
denote the edges of F2 and F3, respectively. Further let e4 = {v1, v4, v7}, e5 = {v2, v5, v8} and e6 = {v3, v6, v9} denote the
remaining three edges of F∗. Suppose that there is an edge e ∈ E(H) \ E(F∗) that contains a vertex v ∈ V (F∗). Renaming
vertices of F∗ if necessary, we may assume that v = v1.
Suppose that the edge e contains a vertex u that does not belong to V (F∗). Let Fu be the component of H that contains u.
By Observation 5, there exists a γ (Fu)-set, Su say, that contains u. The set Su ∪ {v5, v9} can be extended to a dominating set
of H of cardinality γ (H)− 1 by adding to it a minimum dominating set from each component of H ′′ different from F1, F2, F3
and Fu, a contradiction. Hence, V (e) ⊆ V (F∗). Therefore the edge e contains two vertices in V (F∗) that are not adjacent
in F∗.
Renaming vertices of F∗ if necessary, we may assume that v5 ∈ V (e). But then the set {v1, v9} can be extended to a
dominating set of H of cardinality γ (H)−1 by adding to it a minimum dominating set from each component of H ′′ different
from F1, F2 and F3, a contradiction. Hence every edge in H that contains a vertex from the set V (F∗) is an edge of F∗ itself.
Hence, F∗ is a component of H . In particular, F∗ = F , which completes the proof of the claim. 
Let C1 be a 2-coloring of V1 defined as follows. Let F1 be an H1-component in H ′′. If F1 contains a vertex of degree 1
in H , then select one such vertex of degree 1 and color it black and color the other two vertices in V (F1) white. If F1 is
an H1-component in H ′′ that contains no vertex of degree 1 in H , then by Claim F, we note that F1 ⊂ F∗, where F∗ is
an H14-subhypergraph in H or F∗ is an H15-subhypergraph in H . If F∗ is an H14-subhypergraph in H , then following the
notation introduced in the statement of Claim G wemay assume, renaming v2 and v3, if necessary, and renaming v4 and v5,
if necessary, that dH(v2) = dH(v5) = 2. We now color v3 and v4 white and we color the four vertices v1, v2, v5 and v6, all
of which have degree 2 in H , black. We note that dH(v3) ≥ 2 and dH(v4) ≥ 2. If F∗ is an H15-subhypergraph in H , we color
all vertices of F∗ black. We now let C = C1 ∪ C2 be the coloring of the vertices of H obtained by coloring the vertices in V1
with the coloring C1 and coloring the vertices in V2 with the coloring C2.
As observed earlier, if F1 is an H1-component in H ′′ that contains no vertex of degree 1 in H , then by Claim F, F1 ⊂ F∗,
where F∗ is an H14-subhypergraph in H or F∗ is an H15-subhypergraph in H . Let E∗ be the set of all edges that belong
to such subhypergraphs F∗ in H , and let H∗under be the hypergraph with vertex set V (H
∗
under) = V (H) and edge set
E(H∗under) = E∗ ∪ E(H ′′). By Claims C, F, H and G, every component of H∗under is isomorphic to Hi for some 1 ≤ i ≤ 15.
We have shown that each edge in E(H) \ E(H∗under) when added to H∗under contains vertices from at least two unit in
H∗under and contains only vertices colored white in C. Therefore since H can be obtained from H
∗
under by adding to it the edges
in E(H) \ E(H∗under), we have that H ∈ H where H∗under is an underlying hypergraph of H and where the link vertices in
H∗under are the vertices colored white in C and the non-link vertices are those colored black in C. This completes the proof of
Lemma 8. 
2.2. Proof of Theorem 3
We are now in a position to prove our main result, namely Theorem 3. Recall the statement of Theorem 3.
Theorem 9. Let H be a hypergraph of order n with edge size at least 3 and with δ(H) ≥ 1. Then, γ (H) ≤ n/3 with equality if
and only if H ∈ H .
Proof. Let H be a hypergraph of order nwith edge size at least 3 and with δ(H) ≥ 1. By Theorem 2, γ (H) ≤ n/3. If H ∈ H ,
then, by Lemma 6, γ (H) = n/3. This establishes the sufficiency. To prove the necessity, suppose that γ (H) = n/3.We show
that H ∈ H .
Let H∗ be the hypergraph obtained from H by deleting all edges e in H of size at least 4 and adding all possible 3-edges
e′ with V (e′) ⊂ V (e). Further let H ′ be a simple hypergraph with maximum possible size, such that V (H ′) = V (H∗) and
E(H ′) ⊆ E(H∗). Thus, H ′ is obtained from H∗ by recursively deleting one of two edges that contain exactly the same vertex
set until no two edges containing the same vertices remain, and no multiple edges remain. We proceed further with the
following three claims.
Claim I. H ′ ∈ H3.
Proof of Claim I. By construction, H ′ is a simple 3-uniform hypergraph with V (H ′) = V (H) and with no isolated vertex.
Further two vertices are adjacent in H ′ if and only if they are adjacent in H . Therefore, a subset D of vertices of V (H) is a
dominating set in H ′ if and only if D is a dominating set in H , which implies that γ (H ′) = γ (H) = n/3. Applying Lemma 8
to H ′, we have that H ′ ∈ H3. 
By Claim I, H ′ ∈ H3. Let H ′under be an underlying hypergraph of H ′.
Claim II. Every vertex contained in an edge of size at least 4 in H is a link vertex in H ′under.
Proof of Claim II. Let e be a k-edge in H , where k ≥ 4. By construction of H ′, every two vertices in V (e) belong to a common
3-edge e′ in H ′ such that V (e′) ⊂ V (e). Therefore the vertices in V (e) are pairwise adjacent in H ′. By Claim I, H ′ ∈ H3. Let
v′ ∈ V (e) and assume that v′ is a non-link vertex in H ′. Let F ′ be the unit in H ′under that contains v′. The vertex v′ is adjacent
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only to vertices in V (F ′) in H ′, and so V (e) ⊆ V (F ′). But no unit contains four or more vertices that are pairwise adjacent, a
contradiction. Therefore every vertex in V (e) is a link vertex in H ′under. 
Claim III. If F ′ is a unit in H ′under, then there is a subhypergraph F ⊂ H with V (F) = V (F ′) and E(F) = E(F ′) ∩ E(H) that is
isomorphic to Hi for some 1 ≤ i ≤ 15. Further, there is a 2-coloring of the vertices of F as shown in Fig. 1 such that the white
vertices are link vertices in H ′under and the black vertices are non-link vertices in H
′
under.
Proof of Claim III. If E(F ′) ⊆ E(H), then the desired result is immediate since then F = F ′ and we color a vertex in V (F)
white if it is a link vertex in F ′ andwe color it black otherwise. So let e′ ∈ E(F ′)\E(H). By construction ofH ′, there is a k-edge
e ∈ E(H) with V (e′) ⊂ V (e) where k ≥ 4. By Claim II, the three vertices in V (e′) are all link vertices in H ′under. However the
only units that contain an edge consisting of three link vertices are H4 or H7. Hence, either F ′ = H4 or F ′ = H7. Further, e′
is the only edge in F ′ that is not an edge of H . Let F = F ′ − e′. Then, F ⊂ H with V (F) = V (F ′) and E(F) = E(F ′) ∩ E(H). If
F ′ = H4, then F = H2, while if F ′ = H7, then F = H3. In both cases, if we 2-color the vertices of F as shown in Fig. 1, then
the white vertices are link vertices in H ′under and the black vertices are non-link vertices in H
′
under. 
Let E ′′ be the set of all edges in H ′under that are edges in H; that is,
E ′′ =

F ′∈U(H ′under)

E(F ′) ∩ E(H)
and let H ′′under be the hypergraph with vertex set V (H
′′
under) = V (H) and edge set E(H ′′under) = E ′′. By Claim III, every
component of H ′′under is isomorphic to Hi for some 1 ≤ i ≤ 15. Additionally, the vertex set of every unit in H ′′under is the
vertex set of some unit in H ′under. By Claim III and the definition of link vertices, there is a 2-coloring C ′′ of the vertices in
each unit inH ′′under as shown in Fig. 1 such that thewhite vertices are link vertices inH
′
under and the black vertices are non-link
vertices in H ′under.
Let e ∈ E(H) \ E ′′. On the one hand, suppose that e ∉ E(H ′). By construction of H ′, the edge e has size at least 4. By Claim
II, every vertex contained in e is a link vertex in H ′under. Since a unit has at most three link vertices, the vertices of e belong
to at least two units of H ′under. On the other hand, suppose that e ∈ E(H ′). By construction of H ′′under and by Claim I, e is a link
edge in H ′under. This implies that every vertex contained in e is a link vertex in H
′
under and the vertices of e belong to at least
two units of H ′under. In both cases, the vertices in V (e) are colored white in our coloring C ′′ and belong to at least two units
of H ′′under.
We have shown that each edge in E(H) \ E ′′ when added to H ′′under contains vertices from at least two unit in H ′′under
and contains only vertices colored white in C ′′. Therefore since H can be obtained from H ′′under by adding to it the edges
in E(H) \ E ′′, we have that H ∈ H where H ′′under is an underlying hypergraph of H and where the link vertices in H ′′under
are the vertices colored white in C ′′ and the non-link vertices are those colored black in C ′′. This completes the proof of
Theorem 3. 
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